Area of the parabolic tangent triangle.
Problem with a solution proposed by Arkady Alt , San Jose , California, USA.
Let 4,,4,,4; be three non-collinear point on parabola 4py = x?,p > 0 and let

B =0LNMhL,B,=01NnhL,Bs =1 NI, where l,/,,/5 are tangents to parabola
[41,42,453]

—2—=*-- g constant and
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at points 4,4, A5 respectively. Prove that ratio

find it's value.

Solution.

Let A;(x1,y1),42(x2,y2),43(x3,y3) be three points on parabola

4py = x%,p > 0in which, respectively, three tangents /,,/,,/5 to
parabola touches it, that is /; : 2p(y +y;) = xx; and 4py; = x?,i = 1,2,3.

: 2p(y +y2) = xx2 4p(ys —y2) = 2x(x3 —x2)
Since =
2p(y +y3) = xx3 y(x3 —x2) = x2¥3 — X3)2

x3 —x3 = 2x(x3 —x2) — X2+ X3 J2rx3
2 2 =
_ _ X2X3 — X3X5 — X2X3
y(x3 —x2) p YT T
then point B, of intersection tangents /, and /, have coordinates (%, xf‘f )
. . . X3 +X1 X3X1 X1 +X2 X1X2
Cyclic we obtain two another points Bz(—z ,—4p ) 33(—2 ,—4p )
of intersections /3N 1, ,l1 N[,, respectively.
1.Area of Parabolic Triangle A4,42A45 is:
1 1 1
[414>45] = % det X1 X2 x| _ G —xz)(X28—X3)(X3 —x1)|
Aox K P
4p 4p 4p
2.Area of Tangent Triangle ABB;,B; is:
1 1 1
1 X2+XxX3 X3+Xx1 X1+Xx2
[31,32,33] = ? det 2 2 2 =
X2X3 X3X1 X1X2
4p 4p 4p
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Thus
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o o] o G = x2) (e — x3) (3 — x1)|
Czy;(xlxg x3x1)| = 6 )
[A1A42A43] _ 5

[B1,B2,B3]

1

1

_ 1
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